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Abstract 
An automorphism group of a nontrivial (possibly infinite) Steiner triple system has at least as many 
block-orbits as point-orbits. The proof is a translation of that in the finite case, with a small twist. 
For block size 4, the argument fails, and, indeed, the stronger statement (involving block-tactical 
decompositions) is false. 
An orbit theorem for an incidence structure (X,6@ is typically the assertion that any 
automorphism group has at least as many orbits on the block set 29 as on the point set 
X. I will briefly consider how such a theorem is proved for finite structures, in order to 
extend it to infinite ones. 
Let Rx and IwB denote the real vector spaces of real-valued functions on points 
and blocks, respectively. The incidence transformation is the map 1: [w*+lR~ defined 
by 
(fW)= 1 f(x) 
XSB 
for XEX, BE$~. It is the transformation whose matrix, relative to the bases 
consisting of characteristic functions of singletons, is the incidence matrix of the 
structure. 
If G is a group acting on X, then the dimension of the space Fixc(Rx) of fixed 
functions for G in Rx is equal to the number of G-orbits in X -a basis for Fix&Rx) 
consists of the characteristic functions of the G-orbits. If G is a group of automor- 
phisms of (X, @), then 1 maps Fix&RX) into Fix,@“). Hence, we have the following 
proposition. 
Correspondence to: Peter J. Cameron, School of Mathematical Sciences, Queen Mary and Westfield 
College, University of London, Mile End Road, London El 4NS, UK. 
0012-365X/94/$07.00 0 1994-Elsevier Science B.V. All rights reserved 
SSDI 0012-365X(92)00185-P 
98 P. J. Cameron 
Proposition 1. If the incidence transformation of thejinite incidence structure (X, 69) has 
kernel zero, then any group of automorphisms of (X, 93) has at least as many block-orbits 
as point-orbits. 
The hypothesis is well known to hold in several special cases, e.g. nontrivial 2- 
designs, nontrivial linear spaces ([l, Chap. l] for an account of orbit theorems and 
Block’s lemma for finite structures). 
The definition of the incidence transformation works unchanged in an infinite 
incidence structure provided that only finitely many points are incident with any 
block. Moreover, the proof of Proposition 1 immediately extends. However, there is 
a disappointment in store. 
Proposition 2. There exist injinite Steiner triple systems for which the kernel of the 
incidence transformation is nonzero. 
Proof. A free Steiner triple system (STS) is obtained by iterating the following 
construction: For each pair x, y of points not in a block, add a new point z and decree 
that {x, y,z} is a block. Now let (X,g) be the free STS generated by n independent 
points x1, . . . , x,. Let the function f take arbitrary values on these points; whenever 
a new point z is added forming a block with x and y, set f (z) = -f (x)-f (y). Then 
fEkerl. 0 
There is, however, a class of structures for which the proof works, including 
projective and afine spaces over finite fields. A substructure of an incidence 
structure is a set Y of points such that every block containing two points of Y is 
contained in Y. 
Proposition 3. Let (X, B) be either a linear space or a 2-design, in which all blocks are 
jinite. Suppose that every point of X lies in a nontrivial jnite substructure. Then the 
kernel of the incidence transformation is zero. 
Proof. Let faker 1 and XEX. If Y is a nontrivial finite substructure containing x, then 
f 1 y is in the kernel of the incidence transformation associated with the substructure Y. 
By familiar finite results, f 1 y = 0; so f (x) = 0. Since x was arbitrary, f= 0. 0 
Despite Proposition 2, it is possible to establish an orbit theorem for Steiner 
triple systems. This is the principal result of this paper. We have to change the 
vector spaces. Let rW& denote the set of real functions on X which take only 
finitely many distinct values. A little thought shows that lR& is a vector space. 
In addition, if (X, 98) is an incidence structure in which the number of points in a block 
is finite and bounded, then the incidence transformation carries Ri, into Rz,. In 
this situation, Proposition 1 works with R,?;, and Wz, in place of Rx and R”. 
For, if a group G has finitely many orbits on 93, then all its fixed points in [wg lie in 
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Rz,; and if not, then the orbit theorem follows by elementary (and uninteresting) 
cardinal arithmetic. 
Proposition 4. Let (X,9?) be a nontrivial Steiner triple system. Then the kernel of the 
incidence transformation on Ri, is zero. 
Proof. Suppose thatfEker u-&,, withf#O. It is easy to see thatftakes both positive 
and negative values, each sign occurring at least twice. Let x be a point for which 
If(x)1 is maximum; without loss, f(x) >O. Let y be another point with f(y)>O, and 
{x, y, z) the block containing them. Then f(z) = -f(x) -f(y), and so If(z) I> If(x) 1, 
a contradiction. 0 
However, even this cannot be extended further. 
Proposition 5. There is a linear space with lines of cardinality 4, whose points 
can be coloured red and blue in such a way that each block contains two red and two blue 
points. 
Proof. This is again a free construction. For each pair of points not in a block, add 
two new points coloured so that the new block has two points of each colour. (This is 
always possible.) 0 
Now the function taking the value 1 on red points and - 1 on blue points belongs to 
the kernel of the incidence transformation, and lies in R&. 
This example comes close to destroying hope of an orbit theorem in this case. To 
see why, we generalise the situation. A block-tactical decomposition of an incidence 
structure (X,$9) consists of a pair of partitions 
X=u Xi, @‘= U Bji, 
ieI jsJ 
such that the number of aij of points of Xi contained in a block BEgj depends only on 
i and j and not on the choice of B. Clearly, the orbits of a group of automorphisms 
form a block-tactical decomposition. Moreover, if J and gj are the characteristic 
functions of Xi and gj, then (assuming J finite), we have 
AZ = C aijgj; 
jeJ 
so, if the kernel of z is zero, then there are at least as many block-classes as 
point-classes. Orbit theorems whose proof involves current techniques of linear 
algebra are likely to extend to block-tactical decompositions. However, Proposition 5 
gives an example of a structure having a tactical decomposition with two point- 
classes (the colour-classes) and only one line-class. 
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Problem. Is there a linear space, with lines of size 4, having an automorphism group 
with two point-orbits and one line-orbit, each line containing two points from each 
point-orbit? 
To produce such a design by the argument for Proposition 5 would require a much 
more careful free construction, in which partial automorphisms were built at the same 
time as partial structures. 
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